
SET THEORY:  

 

                        𝑉2 

V1                           V1∪ V2∪V3 - V1∩ V2 - V1∩ V3 - V2 ∩V3 - 

                                                         V1∩ V2 ∩ V3          

 𝑉3 

 

Once you know how to calculate length, now it's time for 

surface area and volume : 

V m = ∫ √|𝛿𝑖,𝑗|𝑚⃗⃗⃗ 
.dx 0 .dx 1 .dx 2 .dx 3     i,j = 0,1,2,3 

𝑚⃗⃗ =𝑑𝑥0
⃗⃗ ⃗⃗⃗⃗  ⃗ + 𝑑𝑥1

⃗⃗ ⃗⃗ ⃗⃗  + 𝑑𝑥2
⃗⃗ ⃗⃗⃗⃗  ⃗ + 𝑑𝑥3

⃗⃗ ⃗⃗⃗⃗  ⃗  vectors unitary : 𝑢0̂, 𝑢1̂, 𝑢2̂,𝑢3̂   

AREA 

                                                                and we will find the body                       

                                                               area of 3-D. If we multiply it                       

                                                                by one more term “h” , we  

                                                                will find the volume : 

 

  let's remember arclength when the triangle is not a rectangle : 

u( t) iv(t) 

L= ∫ √𝑢′(𝑡)2𝑟𝑢⃗⃗  ⃗𝑟𝑢⃗⃗  ⃗ + 2𝑢′(𝑡)𝑣′(𝑡)𝑟𝑢⃗⃗  ⃗𝑟𝑣⃗⃗⃗  + 𝑣′(𝑡)2𝑟𝑣⃗⃗⃗  𝑟𝑣⃗⃗⃗   𝑑𝑡
𝑏

𝑎
     

On surfaces : 

we will call this one 3x3 matrix “M”.  

where (a b c)= ( 𝑑𝑥0 𝑑𝑥1 𝑑𝑥2)     where 𝑛⃗ =𝑑𝑥0
⃗⃗ ⃗⃗⃗⃗  ⃗ + 𝑑𝑥1

⃗⃗ ⃗⃗ ⃗⃗  + 𝑑𝑥2
⃗⃗ ⃗⃗⃗⃗  ⃗    



and the vectors unit values of each 𝑑𝑥𝑛
⃗⃗ ⃗⃗ ⃗⃗  ⃗will be: 𝑢0̂, 𝑢1̂,𝑢2̂ 

dS 3 = (𝑑𝑥0
3/2

𝑑𝑥1
3/2

𝑑𝑥2
3/2).”M”.(

𝑑𝑥0
3/2

𝑑𝑥1
3/2

𝑑𝑥2
3/2

)        (i) 

the “M”: 𝐴000=𝑢0
3̂ , 𝐵001= 𝐵100= 𝑢0

2̂ 𝑢1̂, 𝐶002= 𝐶200=𝑢0
2̂ 𝑢2̂ 

𝐷101=𝑢0̂ 𝑢1
2̂, 𝐸102= 𝐸201=𝑢0̂  𝑢1̂ 𝑢2̂, 𝐹202=𝑢0̂ 𝑢2

2̂     

Where 𝑢0̂, 𝑢1̂, 𝑢2̂do not form right angles with each other. 

Let's assume that according to arclength : u(t)= x0(t) , v(t)= x1(t) 

While for Surfaces we add another variable: 𝑥2(t, 𝜑) 

Let's assume that an example : x0 (t)= αt 

                                                        x1(t)= βt 

                                                        x2 (t,𝜑)= γt𝜑 

                                           x 

 

 

 

                                                                                                t 

 

                        𝜑 

 

 

Obviously , the line between the planes is not perpendicular to 

“x” since x2 depends on “t” and “𝜑”. 

 



M:
𝐴000 𝐵001 𝐶002

𝐵100 𝐷101 𝐸102

𝐶200 𝐸201 𝐹202

   

Now, operating algebraically (i), we will obtain : 

d𝑆3 = 𝑑𝑥0
3𝑢̂0

3 + 2𝑑𝑥0
3/2

𝑑𝑥1
3/2

𝑢̂0
2𝑢̂1 + 2𝑑𝑥2

3/2
𝑑𝑥0

3/2
𝑢̂0

2𝑢̂2 +

2𝑑𝑥1
3/2

𝑑𝑥2
3/2

𝑢̂0𝑢̂1𝑢̂2 + 𝑑𝑥1
3𝑢̂0𝑢̂1

2 + 𝑑𝑥2
3𝑢̂0𝑢̂2

2 

if now dS = √(…)3 .
𝑑𝑡

𝑑𝑡
  → √

(… )

𝑑𝑡3

3
. 𝑑𝑡 → 

√𝑑𝑥0
3𝑢̂0

3

𝑑𝑡3
+ 2

𝑑𝑥0
3/2

𝑑𝑡3/2

𝑑𝑥1
3/2

𝑑𝑡3/2
𝑢̂0

2𝑢̂1 + 2
𝑑𝑥2

3/2

𝑑𝑡3/2

𝑑𝑥0
3/2

𝑑𝑡3/2
𝑢̂0

2𝑢̂2 +
3

 

 

+ 2. 
𝑑𝑥1

3/2

𝑑𝑡3/2

𝑑𝑥2
3/2

𝑑𝑡3/2 𝑢̂0𝑢̂1𝑢̂2+ 
𝑑𝑥1

3

𝑑𝑡3 𝑢̂0𝑢̂1
2+

𝑑𝑥2
3

𝑑𝑡3 𝑢̂0𝑢̂2
2 

 

 

In each term let's follow the next one mechanism : 

Example: 
[𝑑(𝛼.𝑡)]3

𝑑𝑡3 =(
𝑑(𝛼.𝑡)

𝑑𝑡
)
3

= 𝛼3 ,      

2. (
𝑑(𝛼.𝑡)

𝑑𝑡
)
3/2

. (
𝑑(𝛽.𝑡)

𝑑𝑡
)
3/2

= 𝛼3/2𝛽3/2   and so on until the end. 

𝛼3𝑢̂0
3 + 2𝛼3/2𝛽3/2𝑢̂0

2𝑢̂1 + 2𝛼3/2(γ𝜑)3/2𝑢̂0
2𝑢̂2

+ 2𝛽3/2(γ𝜑)3/2𝑢̂0𝑢̂1𝑢̂2 + 𝛽3𝑢̂0𝑢̂1
2 + (γ𝜑)3𝑢̂0𝑢̂2

2 

 

Let's put limits to “t” and “ 𝜑”:𝑡1 = 1, 𝑡2 = 2,𝜑1 = 1,𝜑2 = 3 

S=∫ (∫  √(… )3 𝑑𝑡
𝑡2
𝑡1

)
𝜑2

𝜑1
𝑑𝜑 →S=∫ ([

𝜑2

𝜑1
 √(… )3

. 𝑡]
𝑡2
𝑡1

)𝑑𝜑  → 

 



→S=∫ (√(… )3 )
𝜑2

𝜑1
𝑑𝜑  →S=∫ (√(𝑎.𝜑3 + 𝑏. 𝜑3/2 + 𝑐)

3
)

𝜑2

𝜑1
𝑑𝜑   

a=𝛾3 , b= 2.( 𝛼3/2𝛾3/2 + 𝛽3/2𝛾3/2) ,    

c= 𝛼3 + 2𝛼3/2𝛽3/2 + 𝛽3=(𝛼3/2 + 𝛽3/2)2 

(𝜂. 𝜑3/2+ε) 2/3 = Newton binomial = 

=(
2/3
0

) . (𝜂. 𝜑
3

2)2/3ε0 + (
2/3
1/3

) . (𝜂. 𝜑
3

2)1/3ε1/3 +

(
2/3
2/3

) . (𝜂. 𝜑
3

2)0ε2/3 

 

(
2/3
0

) = 
(
2

3
)!

(
2

3
−0)!.0!

=
(
2

3
)!

.(
2

3
−

2

3
)!!.(

2

3
)!
 (
2/3
2/3

)= 1 

While 

(
2/3
1/3

) =  
(
2

3
)!

(
1

3
)!.(

1

3
)!

= 
𝛤(

2

3
+1)

(𝛤(1+
1

3
))(𝛤(1+

1

3
))
= 

 

 Γ(x+ 1)=x!= x.Γ (x) 

 Γ(n+1/ 3)= Γ( 1/3).
(3𝑛−2)‼!

3𝑛  

 Γ(1/ 3)=Γ( 1-2/3) 

            Γ( 1-2/3). Γ( 2/ 3)=
𝜋

𝑆𝑖𝑛[𝜋(
2

3
)].
   

(
2

3
).Γ(

2

3
).𝑆𝑖𝑛2(

2𝜋

3
).(Γ(

2

3
))2

(1/9).𝜋2 = 
6

𝜋2 . 𝑆𝑖𝑛2 (
2𝜋

3
). (Γ (

2

3
))3= “C” 

 

 

 

 



(𝑎. 𝜑3 + 𝑏. 𝜑
3

2 + 𝑐) = (𝜂. 𝜑3/2 + ε)2 

a=𝜂2 , b= 2.( 𝜂).ε   , c=ε2 

 

S=∫ (√(𝜂. 𝜑3/2 + ε)2
3

)
𝜑2

𝜑1
𝑑𝜑 

 

(𝜂. 𝜑3/2+ε) 2/3 = 1.𝜂2/3. 𝜑 + "C". 𝜀1/3𝜂1/3𝜑1/2 + 𝜀2/3 

(𝜂. 𝜑3/2 + ε)2= 𝜂2𝜑+2. 𝜂. ε. 𝜑3/2+ε2 

 

S= ∫ (𝜂. 𝜑3/2 + ε)2/3𝜑2

𝜑1
𝑑𝜑= 

= ∫ (
𝜑2

𝜑1
𝜂2/3. 𝜑 + "C". 𝜀1/3𝜂1/3𝜑1/2 + 𝜀2/3) 𝑑𝜑= 

 

√𝑎 = 𝜂 → 𝜂2/3=√𝑎3   

√𝑏
3

= (21/3𝜂1/3ε1/3)   by chance 21/3= “ C” ? 

𝜀2/3=√𝑐
3

 

S= ∫ (
𝜑2

𝜑1
√𝑎3 . 𝜑 + √𝑏

3
. 𝜑3/2 + √𝑐3 ) 𝑑𝜑= 

= [ 
√𝑎3

2
𝜑2 +

√𝑏
3

5/2
𝜑5/2 + √𝑐3 𝜑]

3
1
= [ 

√𝑎3

2
. 9 +

2 √𝑏
3

5
. √35 + 3. √𝑐3 ] - 

- [ 
√𝑎3

2
+

2 √𝑏
3

5
+√𝑐

3
] 

Knowing that: 

a=𝛾3 , b= 2.( 𝛼3/2𝛾3/2 + 𝛽3/2𝛾3/2) ,    

c= 𝛼3 + 2𝛼3/2𝛽3/2 + 𝛽3=(𝛼3/2 + 𝛽3/2)2 

we can end up replacing “a, b, c” 


