
Determinants and Jacobian: 

 

                 

      (0.1)                                                       ( 1.2) 

 

                  (2.0)                                                         ( 3.-1) 

 

 

Then the matrix representing the change it is (
1 3
2 −1

)so that 

(
1 3
2 −1

) (
0
1

) = (
3

−1
)and(

1 3
2 −1

) (
2
0

) = (
2
4

) = 2 (
1
2

) 

 

(
1 3
2 −1

)is the Jacobian. 

 

 

 

That is to say : 

  f(f 1 ,f 2 )               f2                      →    u2             f22   

                                                                       

                                    f1                     f21                  u1                  f12 

                                                                                                                                             f11 

 

 

 



area : f 1 .  f 2 

J( u,v )= (
𝑢11 𝑢12

𝑢21 𝑢22
).(

𝑓1

𝑓2
) 

 

  

Where                   x       →                x            

 

                                           y y 

The area of the parallelogram remains constant since it is x.y  

On the other hand 

 

 

            dv’           nA                                         dv  A 

                                                                 ← 

                     du’                                                         du 

 

In Cartesian coordinates 

∭ 𝑑𝑉
𝑥,𝑦,𝑧

while in polar:∭ 𝑟2. 𝑆𝑖𝑛𝜃𝑑𝑟𝑑𝜃𝑑𝜙
𝑟,𝜃,𝜙

 

Where dV = dxdydz J(𝑟, 𝜃, 𝜙) = 𝑟2. 𝑆𝑖𝑛𝜃and 

r ≥0, 0 ≤ 𝜃 ≤ 𝜋, 0≤  𝜙 ≤ 2𝜋             

The Jacobian represents how the area of the initial parallelogram 

is doubled . 

 

 



 Thus the Jacobian is the number of times the initial area: 

∬ 𝐶. À𝑟𝑒𝑎
𝑥,𝑦

where C is the Jacobian and is the determinant of  

J( x,y ). 

and the Area it is dxdy ( or dxdydz in 3-D). 

knowing that the Area encompassed is the determinant of the 

Jacobian . 

The determinant can be negative if: 

 

 → 

 

 

 

 

It is more , if we take into account the angles, us we will find with 

what: 

 

                                                                     

         y                                     →   𝑦𝑎     θ      a 

                       x                                          xa              

                                                                       φ yb 

                                                                             b 

                                                                          xb 

x a = a.Sin θ  ,  y a = a.Cos θ  ,   x b = b.Cos φ   ,   y b = - b.Sinφ 

Jacobian ( a,θ )= (
𝑥𝑎 𝑥𝜃

𝑦𝑎 𝑦𝜃
)            JacobianJ (b, 𝛷)=(

𝑥𝑏 𝑥𝛷

𝑦𝑏 𝑦𝛷
) 



Jacobian (a,θ).( 
𝑥𝑎

0
)= (

𝑥𝑎
2

𝑦𝑎.𝑥𝑎
)  ,  Jacobian (b,𝛷).( 

𝑥𝑏

0
)= (

𝑥𝑏
2

𝑦𝑏.𝑥𝑏
) 

Jacobian (a,θ).( 
0
𝑦𝑎

)= (
𝑥𝜃 . 𝑦𝑎

𝑦𝜃. 𝑦𝑎
) ,   Jacobian (b,𝛷).( 

0
𝑦𝑏

)= (
𝑥𝜃 . 𝑦𝑏

𝑦𝜃 . 𝑦𝑏
) 

 

Finally , in the cases of integrals , dxdy , the Jacobian takes the 

form of derivatives: 

J( r, θ )= (
𝜕𝑥𝑟 𝜕𝑥𝜃

𝜕𝑦𝑟 𝜕𝑦𝜃
) 

Also in 3-D: dxdydz  

( Jacobian) will be a 3x3 matrix ). 


