
 

TAYLOR SERIES, TANGENT(X): 

We know that  

P(x)=𝑓(𝑎) +  𝑓′(𝑎).
𝑥−𝑎

1!
+  𝑓′′(𝑎).

(𝑥−𝑎)2

2!
+ ⋯ 

+𝑓𝑛(𝑎). (𝑥 − 𝑎)𝑛/𝑛! 

And the Sine series of x is equal to: 

Single =∑
(−1)𝑛

(2𝑛+1)!
∞
𝑛=0 𝑥2𝑛+1 

While the Cosine of x : 

Cosx =∑
(−1)2𝑛

(2𝑛)!
∞
𝑛=0 𝑥2𝑛 

For any xi considering the maximum possible values:  

Sin 90º = 1 and  Cos 0= 1. 

It also happens with the tangent of x : Taylor series: 

tgx =∑
𝐵2𝑘(−4)𝑘(1−4𝑘)

(2𝑘)!
∞
𝑘=1 . 𝑥2𝑘−1 

                                                              2k-th derivative 

                                     𝐵2𝑘 (or𝑡𝑔2𝑘(𝑥))  

 

 

 

 

 



 

The values of tanx when x fluctuates between - 
𝜋

2
and 

𝜋

2
are: tan 

(0)=0, tan ( 𝜋/8) = 1/√3, tan( 𝜋/4) = 1 , 𝑡𝑔(3𝜋/8) = √3, tan( 

𝜋/2) = ∞while from 0 to - 
𝜋

2
the values are inverse and negative: 

               - 𝜋/2   -3𝜋/8   −𝜋/4    -  𝜋/8       0 

     

                -  ∞      - √3        -1             -
1

√3
      0 

 

 

 

 

 

 

 

 



 

Whereas if a=0 (case of McLaurin series) 

   Knowing that at ≠0 

tan (x) = tan (x) 

tan '(x)= 1+tan 2 (x) 

tan ''(x)= 2tan(x)+2tan 3 (x) 

tg '''(x)=2+8tg 2 (x)+6tg 4 (x) 

tg IV (x)= 16tg(x)+ 40tg 3 (x)+ 24tg 5 (x) 

... 

Furthermore, tan (x)= (tan 0 ).(xa) 0 /0!+ 

+(1+tg 2 (a)).(xa)/1!+(2tg(a)+2tg 3 (a)).(xa) 2 /2! +(2+8tg 2 (a)+6tg 4 

(a)).(xa) 3 /3!+ [16tg(x)+ 40tg 3 (x)+ 24tg 5 (x)].(xa) 4 /4!+... 

(where their exponents indicate the derivative degree) 

Now we will stop. attention calculating the remainder : :𝑹𝒏+𝟏(𝒙) 

𝑓(𝑥) = 𝑃𝑛(𝑥) + 𝑅𝑛+1(𝑥) 

𝑅𝑛+1(𝑥)=
𝑓𝑛+1(𝑐)

(𝑛+1)!
(𝑥 − 𝑎)𝑛+1    where c ∈( a,x ) 

It is logical that f '(c)= 
𝑓(𝑥)−𝑓(𝑎)

(𝑥−𝑎)
i =

Rn(x)

(𝑥−𝑎)𝑛 =  
𝑓𝑛(𝑐)

𝑛!
 

as x approaches a →when n =1, lim
𝑥→𝑎

𝑅𝑛(𝑥)

(𝑥−𝑎)𝑛= 
𝑓𝑛(𝑐)

𝑛!
=

𝑓(𝑥)−𝑓(𝑎)

(𝑥−𝑎)
 

   
R1(x)

(𝑥−𝑎)1=
𝑓(𝑥)−𝑓(𝑎)

(𝑥−𝑎)
  → R1(x) = 𝑓(𝑥) − 𝑓(𝑎) →0 

 



 

 

n=0 lim
𝑥→𝑎

f’(c)

(𝑛+1)!
(𝑥 − 𝑎)𝑛+1= 0 

 

f'(c) 

 

 

 

x 

already 

 

 

 

 

f(x) P 1 P 5 P 17 

P 13 

P 9 

 

 

x P 3  P 15 P 19 

P 7 P 11    



The residue is𝑓+1(𝑐)≤ M , sound 𝑅𝑛+1(𝑥)  ≤M|
(𝑥−𝑎)𝑛+1

(𝑛+1)!
| 

Now we will delve deeper into its calculation : 

In f (x)= √𝑥
3

, we will estimate its calculation when x = 28 using 

the Taylor Series until an=2: 

f(x)= x 1/3 

f n =1 (x)= 1/3.x -2/3 →f n=1 ( 27)= 0'037037 

f n =2 (x)= -2/9.x -5/3 →f n=2 ( 27)= 0'000914 

therefore if a =27:√𝑥
3

= f(27)+ f n =1 (27 ).( x- 27)/1!+ f n =2 (27 ).( x-

27) 2 / 2!+ 𝑅𝑛>2(27) 

since: x=28, √28
3

=3'036579. 

f(28)= 𝑃𝑛(28) +  𝑅𝑛+1(28) 

or what is the same : 𝑅3(28) =  
𝑓𝑛=3(𝑐)

3!
(28 − 27)3and c=28. 

𝑓𝑛=3(28) = 1/3.(28)−2/3 

 

For example: 

                        1                                                 p=0 

                    1      1                                             p=1 

                1     2      1                                         p=2 

          1       3       3      1                                    p=3 

     1       4       6       4       1                               p=4 

 



 

 

tan 2k (x)= B 2k =∑ (
𝑝
𝑛

)
𝑝
𝑛=1 . 𝐵𝑝

𝑝
. 𝑥𝑝−𝑛      

where 𝐵𝑝
𝑝

≡tg p (a) 

 

tan 0 x=
𝑆𝑖𝑛𝑥

𝐶𝑜𝑠𝑥
   

derivative exponents 

tg '' (x)= 2tg 1 (x)+2tg 3 (x) 

tg IV (x)= 16tg 1 (x)+40tg 3 (x)+24tg 5 (x) 

... 

 

∑ (
𝑝
𝑛

)

𝑝

𝑛=1

. 𝑡𝑔𝑝(𝑥). 𝑥𝑝−𝑛 

Where p= 2r-1 

Since this satisfies: tan 2.1-1 (x)= tan 1 (x), 

                                  tan 2.2-1 (x)= tan 3 (x), 

                                  tan 2.3-1 (x)= tan 5 (x)... 

 

and we conclude that p= 1, 3, 5, ... 2r -1 where r∈N          

  ∑ (
2𝑟 − 1
2𝑛 − 1

)2𝑟−1
𝑛=1 . 𝑡𝑔2𝑟−1(𝑥). 𝑥(2𝑟−1)−(2𝑛−1) 



thus we verify that: 

r=1: ∑ (
2.1 − 1
2𝑛 − 1

)2.1−1
𝑛=1  → 

1!

1!.0!
tan 1 (x).a 0 

r=2: ∑ (
3

2𝑛 − 1
)2.2−1

𝑛=1 → so that= 

3!

1!.2!
tan 1 (x).a 2 +

3!

3!.0!
 tan 3 (x).a 0 

r=3: ∑ (
5

2𝑛 − 1
)2.3−1

𝑛=1  → so that= 

5!

1!.4!
tg 5 (x).a 0 + 

5!

3!.2!
tg 3 (x).a 2 + 

5!

5!.0!
tg 1(x).a 4 

r=4: ∑ (
7

2𝑛 − 1
)2.4−1

𝑛=1  →  so that= 

7!

1!.6!
tg 7 (x).a 0 + 

7!

3!.4!
tg 5 (x).a 2 + 

7!

5!.2!
tg 3 (x).a 4+ 

7!

7!.0!
tg 1 (x).a 6 

r=5: ∑ (
9

2𝑛 − 1
)2.5−1

𝑛=1 →  so that= 

9!

1!.8!
tg 9 (x).a 0 + 

9!

3!.6!
tg 7 (x).a 2 + 

9!

5!.4!
tg 5 (x).a 4+ 

9!

7!.2!
tg 3 (x).a 6 

9!

9!.0!
tg 1 (x).a 8 

Etcètera... 

 

 

 

 

 

 



Whereas   ∑ (
2𝑟
2𝑛

)2𝑟
𝑛=1 . 𝑡𝑔2𝑟(𝑥). 𝑥(2𝑟)−(2𝑛) 

r=1: ∑ (
2

2𝑛
)2.1

𝑛=1  → 
2!

2!.0!
tan 2 (x).a 0 

r=2: ∑ (
4

2𝑛
)2.2

𝑛=1 → so that= 

4!

2!.2!
tan 4 (x).a 2 +

4!

4!.0!
 tan 2 (x).a 0 

r=3: ∑ (
6

2𝑛
)2.3

𝑛=1  → so that= 

6!

2!.4!
tg  6(x).a 4 + 

6!

4!.2!
tg 4 (x).a 2+ 

6!

6!.0!
tg 2(x).a 0 

r=4: ∑ (
8

2𝑛
)2.4

𝑛=1  →  so that= 

7!

1!.6!
tg 8 (x).a 6 + 

7!

3!.4!
tg 6 (x).a 4 + 

7!

5!.2!
tg 4 (x).a 2+ 

7!

7!.0!
tg 2 (x).a 0 

 

Thus we realize the expressions with exponents as even as odd 

 


