
 
3-D DERIVATIVES. 

 

                                          z=f( x,y ) 

 

      𝐷2𝑓(𝑎⃗)                                                 𝐷1𝑓(𝑎⃗) 

                                           c 3         

                                              × 

                                        

                                                                                (a 1 ,a 2 ,c 3 ) 

                           (0,0,0)                   a1                                      x 

                      a 2                            𝑎⃗ + ℎ𝑒1⃗⃗ ⃗⃗  

                             𝑎⃗ + ℎ𝑒2⃗⃗ ⃗⃗        

y                                                             𝑎⃗=(a 1 ,a 2 ,0) 

                                                                                      g(x) 

                   ԑ ( h)                                                            f(x) 

         𝐿𝑎⃗⃗(ℎ)                                                                 g(𝑎⃗ + ℎ⃗⃗) 

    f(𝑎⃗ + ℎ⃗⃗) 

                     

 

                             𝑎⃗          𝑎⃗ + ℎ 



therefore :  𝐿𝑎⃗⃗(ℎ) = f(𝑎⃗ + ℎ⃗⃗) − f( 𝑎⃗)    and 

ε (h)= f(𝑎⃗ + ℎ⃗⃗) − g(𝑎⃗ + ℎ⃗⃗) 

𝐷1𝑓(𝑎⃗) and 𝐷2𝑓(𝑎⃗)are the slopes of their corresponding lines. 

   Let's do a little incised in mathematics of the vectors : 

   Let us assume the plane g(x) defined for vectors 𝜔1⃗⃗⃗⃗⃗⃗ and 𝜔2⃗⃗⃗⃗⃗⃗ . 

 

                                                               𝑣⃗ 

                                                                         𝑤1⃗⃗ ⃗⃗ ⃗ 

                                                                P              Q 

                                                                        𝑤2⃗⃗⃗⃗⃗⃗  

   {𝑃𝑄} = 𝑎 + 𝑟. 𝜔1⃗⃗⃗⃗⃗⃗ +s.  𝜔2⃗⃗⃗⃗⃗⃗    where    𝑣⃗ = 𝜔1⃗⃗⃗⃗⃗⃗ ˄ 𝜔2⃗⃗⃗⃗⃗⃗ . 

If   𝑣⃗ = (𝑎, 𝑏, 𝑐)   𝑣⃗ = 𝑎. 𝑒1⃗⃗⃗⃗ + 𝑏. 𝑒2⃗⃗ ⃗⃗ + 𝑐. 𝑒3⃗⃗ ⃗⃗  

We know that every vector 𝑣⃗perpendicular to 𝜔⃗⃗⃗satisfies that 

their product 𝑣⃗. 𝜔⃗⃗⃗= 0. 

   𝑑𝑆⃗⃗⃗⃗⃗ is defined like the ⊥ formed by the 2 vectors 𝑥⃗ 𝑖 𝑦⃗: 

 

                                  𝑥⃗˄𝑦⃗                                   

                                             𝑦⃗                              𝑛⃗⃗ 𝑣𝑒𝑐𝑡𝑜𝑟 𝑢𝑛𝑖𝑡𝑎𝑟𝑖 

                            𝑛⃗⃗                𝜃 

                                         𝑥⃗ 

     



   𝑥⃗˄𝑦⃗ = |𝑥⃗|. |𝑦⃗|.Sin 𝜃. 𝑛⃗⃗  represents the area of the parallelogram 

with scalar sides|𝑥| 𝑖 |𝑦⃗|. 

   

|𝑦⃗|           h                                                         |𝑦⃗|      h 

                                                                                  𝜃 

                     |𝑥⃗|                                                                |𝑥⃗| 

   Area = |𝑥⃗|.h= |𝑥⃗|. |𝑦⃗|.Sin𝜃      

which is calculated by taking the determinant : 

   𝑥⃗ = (𝑥1, 𝑥2, 𝑥3)   𝑦⃗ = (𝑦1, 𝑦2, 𝑦3) 

   𝑥⃗ = 𝑥1.𝑖 + 𝑥2. 𝑗 + 𝑥3. 𝑘⃗⃗    𝑦⃗ = 𝑦1. 𝑖 + 𝑦2. 𝑗 + 𝑦3. 𝑘⃗⃗ 

 

   |
𝑖 𝑗 𝑘⃗⃗

𝑥1 𝑥2 𝑥3

𝑦1 𝑦2 𝑦3

| = a  𝑖 ⃗⃗⃗ ⃗+ b 𝑗+ c 𝑘⃗⃗  where ( a, b, c) is 𝑥⃗˄𝑦⃗.                     

x 2 y 3  𝑖 ⃗⃗⃗ ⃗+x 3 y 1  𝑗 ⃗⃗⃗⃗ +x 1 y 2 𝑘⃗⃗–x 2 y 1 𝑘⃗⃗–x 3 y 2  𝑖 ⃗⃗⃗ ⃗–x 1 y 3 𝑗 

 

 

 

 

   

 

    

 



    

z 

                                     𝐿𝑎⃗⃗(ℎ)                  

f(𝑎⃗)                                    (𝑎⃗, 𝑓( 𝑎⃗)) 

                                                              (𝑎⃗ + ℎ𝑒2,g( 𝑎⃗ + ℎ𝑒2)) 

f(𝑎⃗ + ℎ𝑒2)              ε ( h)                     α 

 

x= ctnt                         𝑎⃗     𝑎⃗ + ℎ𝑒2           y 

 

   then the y-z line is represented as follows : 

z=𝐷2𝑓(𝑎⃗). 𝑦 + 𝑐 

its direction vector will be : 

( v1 , v2 ) = (𝑎⃗ + ℎ𝑒2 − 𝑎⃗, g( 𝑎⃗ + ℎ𝑒2)- 𝑓( 𝑎⃗)) 

𝐷2𝑓(𝑎⃗) =tg α < 0 if we take the direction of the red arrow . 

 

 

 

 

 

 

 



 

                                                                    z 

 (𝑎⃗, f( 𝑎⃗) 

(𝑎⃗ + ℎ𝑒1, g( 𝑎⃗ + ℎ𝑒1))                                    f(𝑎⃗)                                                                       

            β                                                        f(𝑎⃗ + ℎ𝑒1)                                                                   

                                 (𝑎⃗ + ℎ𝑒1, f( 𝑎⃗ + ℎ𝑒1)) 

                                                                     y= ctnt . 

x             𝑎⃗ + ℎ𝑒1     𝑎⃗                

 

Line x-z: z=𝐷1𝑓(𝑎⃗). 𝑥 + 𝑚 

   where 𝐷1𝑓(𝑎⃗) =tg 𝛽> 0 since the arrow red goes up. 

(u 1 ,u 2 )= [ ( 𝑎⃗ + ℎ. 𝑒1) − 𝑎⃗, g(𝑎⃗ + ℎ. 𝑒1) − f(𝑎⃗)] is the direction 

vector. 

 

 

 

     

 

 

 

 

 



 

   tanα and tanβ are zero when  𝐷1𝑓(𝑎⃗) and 𝐷2𝑓(𝑎⃗)are =0. 

𝐷1𝑓(𝑎⃗) =
f(𝑎⃗ + ℎ𝑒1) −  𝑓(𝑎⃗)

ℎ𝑒⃗1

 

𝐷2𝑓(𝑎⃗) =
f(𝑎⃗ + ℎ𝑒2) −  𝑓(𝑎⃗)

ℎ𝑒⃗2

 

At any case α= β ? 

Now I will isolate the vector 𝑧=(c 1 ,c 2 ,c 3 ) from the following 

determinant 

By chance  

Z 

Y                       |
𝑖 𝑗 𝑘⃗⃗

0 ℎ𝑒⃗2 f(𝑎⃗ + ℎ𝑒2) −  𝑓(𝑎⃗)

ℎ𝑒⃗1 0 f(𝑎⃗⃗ + ℎ𝑒⃗1) − f(𝑎⃗)

|= 

X 

=[  (ℎ𝑒2). (f(𝑎⃗⃗⃗) − f(𝑎⃗ + ℎ𝑒1))] 𝑖 + [(f(𝑎⃗⃗⃗ + ℎ𝑒⃗⃗⃗2) −  𝑓(𝑎⃗⃗⃗)) . (ℎ𝑒1)]𝑗⃗ −

[(ℎ𝑒1). (ℎ𝑒⃗⃗⃗2)]𝑘⃗⃗⃗. 

 

 

 

 

 

 



 

And seeing that𝐷1𝑓(𝑎⃗)   𝐷2𝑓(𝑎⃗)and 𝑆are perpendicular to each 

other , we open new horizons . 

                                        ԑ ( h)                      g(x) 

                                                    θ                      f(x) 

                                                                               𝐿𝑎⃗⃗(ℎ) 

 

 

 

                                             𝑎⃗                𝑎⃗ + ℎ. 𝑒1⃗⃗⃗⃗  

 

We know thatlim
ℎ→0

ε(h)

ℎ
= 0     

  

  


