
 

 

RICCI, CURVATURE, RIEMANN TENSORS... 
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Let's assume only 2-D: A): scale factors:𝑥1, 𝑥2 → 𝑥𝜆   𝜆 = 1,2 

B): 𝑢𝜇⃗⃗⃗⃗ = ∑ 𝛼𝜇
𝜆. 𝑥𝜆

2
𝜆=1 and 𝑢𝜈⃗⃗⃗⃗ =∑ 𝛼𝜈

𝜆. 𝑥𝜆
2
𝜆=1  

 

Being 𝐴 = 𝐴𝑖. 𝑒𝑖⃗⃗  the “field” we are studying: i=1,2 

 

if we differentiate infinitesimally with respect to each of the 2 

scale factors 𝑥𝜆(called: 𝑥𝜆̂): 
𝑑𝐴 

𝑑𝑥𝜆 =
𝑑𝐴𝑖

𝑑𝑥𝜆 . 𝑒𝑖⃗⃗  + 𝐴𝑖. 
𝑑𝑒𝑖⃗⃗  ⃗

𝑑𝑥𝜆 

Note that 
𝑑𝑒𝑖⃗⃗  ⃗

𝑑𝑥𝜆= 𝛤𝑖𝜆
𝛽
𝑠𝛽where 𝛽=1,2 and “s” is a unit vector. 



 

 

Unit vectors are represented as scale factors. 

𝑒𝑖⃗⃗  = 𝛼𝑖
𝛽
. 𝑠𝛽=𝑢𝜆⃗⃗⃗⃗    

Therefore: 
𝑑𝑒𝑖⃗⃗  ⃗

𝑑𝑥𝜆= 
𝑑𝛼𝑖

𝛽

𝑑𝑥𝜆 . 𝑠𝛽=𝛤𝑖𝜆
𝛽
. 𝑠𝛽 

The Ricci tensor or specific case of the Riemann tensor is 

represented as the remainder between B and A 

                
𝑑𝐴𝑗

𝑖

𝑑𝑥1 𝑒1⃗⃗  ⃗ −
𝑑𝐴𝑗

𝑖

𝑑𝑥2 𝑒2⃗⃗  ⃗=𝑅𝑗𝜆
𝑖  

𝐴𝑗
𝑖represents a matrix since the dimension is ≥2 

(i:rows, j:columns). Example:(
𝑎1

1 𝑎2
1

𝑎1
2 𝑎2

2) 

(𝑑1𝑑2) (
𝑎1

1 𝑎2
1

𝑎1
2 𝑎2

2)(
𝑒1

𝑒2
)=( 

𝑎1
1. 𝑒1 + 𝑎2

1. 𝑒2

𝑎1
2. 𝑒1 + 𝑎2

2 𝑒2

) 

( 𝑑1, 𝑑2)is the partial derivative: ( 
𝑑

𝑑𝑥1 ,
𝑑

𝑑𝑥2) 

( 𝑑1𝑎1
1 + 𝑑2𝑎1

2, 𝑑1𝑎2
1 + 𝑑2𝑎2

2) (
𝑒1

𝑒2
)=[( 𝑑1𝑎1

1 + 𝑑2𝑎1
2)𝑒1+ 

+( 𝑑1𝑎2
1 + 𝑑2𝑎2

2) 𝑒2= 
𝑑𝑎1

1

𝑑𝑥1 𝑒1+ 
𝑑𝑎1

2

𝑑𝑥2 𝑒1+ 
𝑑𝑎2

1

𝑑𝑥1 𝑒2+
𝑑𝑎2

2

𝑑𝑥2 𝑒2  

Where 𝑒1=𝑒1⃗⃗  ⃗ 

 

𝑅𝑗𝜆𝛽
𝑖 = 

𝑑𝑅𝑗𝜆
𝑖

𝑑𝑥𝜆 = 
𝑑

𝑑𝑥𝜆[ 
𝑑𝐴𝑗

𝑖

𝑑𝑥1 𝑒1⃗⃗  ⃗ −
𝑑𝐴𝑗

𝑖

𝑑𝑥2 𝑒2⃗⃗  ⃗]= 𝑑1(𝛤𝑗1
𝑖 ). 𝑒1⃗⃗  ⃗+ 𝛤𝑗1

𝑖 (𝛤𝑖1
𝛽
. 𝑠𝛽)- 

- 𝑑2(𝛤𝑗2
𝑖 ). 𝑒2⃗⃗  ⃗ − 𝛤𝑗2

𝑖 ( 𝛤𝑖2
𝛽
. 𝑠𝛽) when𝑒𝑖⃗⃗  = 𝛼𝑖

𝛽
. 𝑠𝛽and𝜆 = 1,2 

 

𝑅𝑗𝜆𝛽
𝑖 = 𝑑1(𝛤𝑗1

𝑖 ). (𝛼1
𝛽
. 𝑠𝛽)+ 𝛤𝑗1

𝑖 (𝛤𝑖1
𝛽
. 𝑠𝛽)- 𝑑2(𝛤𝑗2

𝑖 ). 𝛼2
𝛽
. 𝑠𝛽-  

-𝛤𝑗2
𝑖 ( 𝛤𝑖2

𝛽
. 𝑠𝛽) 



    x 1 ,   x 2


  →


    x  𝜆


  𝜆 = 1 , 2


      u  𝜇 →


    ∑  𝜆 = 1 2    𝛼  𝜇  𝜆 .   x  𝜆


      u  𝜈 →


    ∑  𝜆 = 1 2    𝛼  𝜈  𝜆 .   x  𝜆


    A →


    A  i .     e  i →


    x  𝜆


      x  𝜆 ^


    d   A →  d   x  𝜆 =   d   A  i  d   x  𝜆 .     e  i →


    A  i


    d     e  i →  d   x  𝜆


    d     e  i →  d   x  𝜆


    𝛤  i 𝜆  𝛽   s  𝛽


  𝛽


      e  i → =


    𝛼  i  𝛽 .   s  𝛽


      u  𝜆 →


    d     e  i →  d   x  𝜆


    d   𝛼  i  𝛽  d   x  𝜆


    s  𝛽


    𝛤  i 𝜆  𝛽 .   s  𝛽


    d   A  j  i  d   x 1     e 1 → −   d   A  j  i  d   x 2     e 2 →


    R  j 𝜆  i


    A  j  i


  ≥


   (      a 1 1    a 2 1     a 1 2    a 2 2 )


    d 1   d 2 )


   (      a 1 1    a 2 1     a 1 2    a 2 2 )  (      e 1     e 2 )


       a 1 1 .     e 1 +   a 2 1 .     e 2     a 1 2 .     e 1 +   a 2 2     e 2


    d 1 ,   d 2 )


    d  d   x 1 ,   d  d   x 2


    d 1   a 1 1 +   d 2   a 1 2 ,   d 1   a 2 1 +   d 2   a 2 2


   (      e 1     e 2 )


    d 1   a 1 1 +   d 2   a 1 2 )   e 1


    d 1   a 2 1 +   d 2   a 2 2


    e 2


    d   a 1 1  d   x 1   e 1


    d   a 1 2  d   x 2   e 1


    d   a 2 1  d   x 1   e 2


    d   a 2 2  d   x 2   e 2


    e 1


      e 1 →


    R  j 𝜆 𝛽  i


    d   R  j 𝜆  i  d   x  𝜆


    d    d x  𝜆


    d   A  j  i  d   x 1     e 1 → −   d   A  j  i    d x 2     e 2 →


    d 1  (   𝛤  j 1  i ) .     e 1 →


    𝛤  j 1  i (   𝛤  i 1  𝛽 .   s  𝛽 )


    d 2  (   𝛤  j 2  i ) .     e 2 → −   𝛤  j 2  i


    𝛤  i 2  𝛽 .   s  𝛽


      e  i → =


    𝛼  i  𝛽 .   s  𝛽


  𝜆 = 1 , 2


    R  j 𝜆 𝛽  i


    d 1  (   𝛤  j 1  i )


  (   𝛼 1  𝛽 .   s  𝛽


    𝛤  j 1  i (   𝛤  i 1  𝛽 .   s  𝛽 )


    d 2  (   𝛤  j 2  i ) .   𝛼 2  𝛽 .   s  𝛽


    𝛤  j 2  i


    𝛤  i 2  𝛽 .   s  𝛽

